Blow up of solutions to semilinear non-autonomous wave equations under
  Robin boundary conditions by Kalantarova, Jamila
ar
X
iv
:1
81
2.
04
59
5v
1 
 [m
ath
.A
P]
  1
1 D
ec
 20
18
BLOW UP OF SOLUTIONS TO SEMILINEAR NON-AUTONOMOUS
WAVE EQUATIONS UNDER ROBIN BOUNDARY CONDITIONS
J. KALANTAROVA
Abstract. The problem of blow up of solutions to the initial boundary value problem
for non-autonomous semilinear wave equation with damping and accelerating terms un-
der the Robin boundary condition is studied. Sufficient conditions of blow up in a finite
time of solutions to semilinear damped wave equations with arbitrary large initial energy
are obtained. A result on blow up of solutions with negative initial energy of semilinear
second order wave equation with accelerating term is also obtained.
1. Introduction
In this paper we present some results about the global non existence of solutions of the
initial boundary value problem for second order nonlinear wave equations under Robin
boundary conditions:
utt + but = ∆u+ f(u) + h(x, t), x ∈ Ω, t > 0, (1.1)
∂u
∂ν
+ γu = 0, x ∈ ∂Ω, t > 0, (1.2)
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω. (1.3)
Here Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω, ν is a unit otward vector
to the bundary ∂Ω ,b ∈ R and γ ∈ R are gien numbers. The given source term h, the
function f(·) and the initial data u0, u1 are so smooth that the problem (1.1)-(1.3) has a
classical local (in time) solution. We also assume that
h0 :=
∫
∞
0
‖h(t)‖2dt <∞, h1 := sup
t∈R+
‖h(t)‖ <∞, (1.4)
and the nonlinear term f ∈ C1(R1 → R1) satisfies the condition
f(s)s− 2(2α+ 1)F (s) ≥ 0, ∀s ∈ R, (1.5)
with some α > 0. Here and below F (s) =
∫ s
0
f(τ)dτ, ‖ · ‖ and (·, ·) denote the norm
and inner product in L2(Ω) respectively. For existence of a local classical solution of
initial boundary value problems for nonlinear wave equations under boundary conditions
covering the Robin boundary conditions, see, e.g., [13] and references therein.
The purpose of this paper is to show that for some class of initial data the local classical
solutions to the problem (1.1)-(1.3) blow up in a finite time.
There have been many works devoted to the problems of global non-existence and blow
up of solutions to initial boundary value problems for nonlinear wave equations (see, e.g.,
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[1],[8], [2], [3], [11],[10] and references therein). In majority of these papers sufficient condi-
tions of blow up of solutions in a finite time of initial boundary value problems for various
nonlinear wave equations under the homogeneous Dirichlet or Neumann boundary con-
ditions, nonlinear boundary conditions and dynamic boundary conditions are provided.
A number of papers were addressed to the question of blow up of solutions with arbi-
trary positive initial energy of initial boundary value problems for various nonlinear wave
equations (see, e.g.[3] ,[4], [14] and references therein).
The novelty of results we obtained, compared to preceding results on blow up of so-
lutions of nonlinear wave equations, is that we obtained results on blow up of solutions
for more wide class of non-autonomous equations under the Robin boundary conditions.
For weakly damped nonlinear wave equation (when b > 0, γ > 0) we show that there
are solutions with arbitrary large initial energy that blow up in a finite time. We also
obtained sufficient conditions of blow up of solutions of the semilinear wave equation with
accelerating term (as far as we know it is a first result of this type for nonlinear wave
equation obtained employing energy method).
The main tool we used in the proof of our results is the concavity method and its
modification.
In what follows we will employ the following Lemma.
Lemma 1.1. (see [8]) Let Ψ(t) be a positive, twice differentiable function, which satisfies,
for t > 0, the inequality
Ψ
′′
(t)Ψ(t)− (1 + α) [Ψ′(t)]
2
≥ 0 (1.6)
with some α > 0. If Ψ(0) > 0 and Ψ′(0) > 0, then there exists a time t0 ≤
Ψ(0)
αΨ′(0)
such
that Ψ(t)→ +∞ as t→ t0.
and its modification:
Lemma 1.2. ( [2]) Let twice continuously differentiable function Ψ(t) satisfy the inequal-
ity
Ψ′′(t)Ψ(t)− (1 + α) [Ψ(t)]2 ≥ −2C1Ψ(t)Ψ
′(t)− C2Ψ
2(t), t ≥ 0 (1.7)
and
Ψ(0) > 0,Ψ′(0) > −γ2α
−1Ψ(0), (1.8)
where α > 0, C1, C2 ≥ 0, C1 + C2 > 0 and γ2 = −C1 −
√
C21 + αC2. Then there exists
t1 ≤ T1 =
(
2
√
C21 + αC2
)
−1
ln
γ1Ψ(0) + αΨ
′(0)
γ2Ψ(0) + αΨ′(0)
,
with γ1 = −C1 +
√
C21 + αC2 such that
Ψ(t)→∞ as t→ t−1 .
We will also use the Poincare´ inequality∫
Ω
u2dx ≤ d0
(∫
∂Ω
u2dσ +
∫
Ω
|∇u|2dx
)
(1.9)
and the following inequality ∫
∂Ω
u2dσ ≤ ǫ‖∇u‖2 + C(ǫ)‖u‖2, (1.10)
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where Ω ⊂ Rn is a bounded domain with the boundary ∂Ω, ǫ > 0 can be chosen small
enough, and C(ǫ) > 0 depends on ǫ (see, e.g.[5], page 34).
2. Damped semilinear wave equation under the Robin boundary condition
In this section we will find sufficient conditions of global nonexistence of solutions to
the problem (1.1)-(1.3) with b > 0, γ > 0 under some restrictions on initial functions.
The main result obtained in this section is the following theorem.
Theorem 2.1. Suppose that u is a local solution of the problem (1.1)-(1.3) and one of
the following conditions is satisfied
(u0, u1) >
b
α
‖u0‖
2 if K0 = 4(1 + 2α)E(0) + A0 ≤ 0, (2.1)
or
2(u0, u1) > α
−1
(
b
2
+
√
b2
4
+ α
)
(‖u0‖
2 +K0), if K0 > 0, (2.2)
where
E(0) =
1
2
‖u1‖
2 +
1
2
‖∇u0‖
2 +
γ
2
∫
∂Ω
u20dσ − (F (u0), 1),
A0 =
1 + 2α
b
h0 +
d0h
2
1
4αmin{1, γ}
. (2.3)
Then there exists t1 <∞ such that
lim
t→t−
1
‖u(t)‖ =∞.
Proof. Taking scalar product of (1.1) (in L2(Ω)) with ut we obtain the energy equality:
d
dt
E(t) + b‖ut(t)‖
2 = (ut(t), h(t)), (2.4)
where
E(t) =
1
2
‖ut(t)‖
2 +
1
2
‖∇u(t)‖2 +
γ
2
∫
∂Ω
u2(x, t)dσ − (F (u(t)), 1). (2.5)
Integrating (2.4) over the interval (0, t) we get:
E(t) = E(0)− b
∫ t
0
‖uτ (τ)‖
2dτ +
∫ t
0
(uτ (τ), h(τ))dτ. (2.6)
Set
Ψ(t) = ‖u(t)‖2 + c0,
where u is a solution of the problem (1.1)-(1.3) and c0 is a non-negative parameter which
will be determined. Employing equation (1.1) and the boundary condition (1.2) we obtain
Ψ′′(t) = 2‖ut‖
2 − 2‖∇u‖2 − 2γ
∫
∂Ω
u2dσ − 2b(u, ut) + 2(f(u), u) + 2(u, h). (2.7)
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Since 2(u(t), ut(t)) = Ψ
′(t), by using the energy equality (2.6) we have:
Ψ′′(t) + bΨ′(t) ≥ 2‖ut‖
2 − 2‖∇u‖2 − 2γ
∫
∂Ω
u2dσ + 4(1 + 2α)(F (u), 1)
+ 2(u, h) = 4(1 + 2α)
[
−
1
2
‖ut‖
2 −
1
2
‖∇u‖2 −
γ
2
∫
∂Ω
u2dσ + (F (u), 1)
]
+ 2(h, u) + 4(1 + α)‖ut‖
2 + 4α‖∇u‖2 + 4αγ
∫
∂Ω
u2dσ.
Substituting the value of E(t) from (2.6) into the right hand side of the last inequality
we get
Ψ′′(t) + bΨ′(t) ≥ −4(1 + 2α)E(0) + 4(1 + 2α)b
∫ t
0
‖uτ (τ)‖
2dτ + +2(h, u)
− 4(1 + 2α)
∫ t
0
(uτ , h)dτ + 4(1 + α)‖ut‖
2 + 4α‖∇u‖2 + 4αγ
∫
∂Ω
u2dσ.
(2.8)
Thanks to the Young’s inequality and the Poincare´ inequality (1.9) we have∣∣∣ ∫ t
0
(uτ (τ), h(τ))dτ
∣∣∣ ≤ b∫ t
0
‖uτ(τ)‖
2dτ +
1
4b
∫ t
0
‖h(τ)‖2dτ (2.9)
and
2‖h‖‖u‖ ≤ ǫ‖u‖2 +
1
ǫ
‖h‖2 ≤ ǫd0
(
‖∇u‖2 +
∫
∂Ω
u2dσ
)
+
1
ǫ
‖h‖2. (2.10)
Employing (2.9) in (2.8) we get
Ψ′′(t) + bΨ′(t) ≥ −4(1 + 2α)E(0)−
1 + 2α
b
∫ t
0
‖h(τ)‖2dτ + 4(1 + α)‖ut‖
2
+ 4α‖∇u(t)‖2 + 4αγ
∫
∂Ω
u2dσ − 2‖h(t)‖‖u(t)‖.
By using on the right hand side of the last inequality the inequality (2.10) with
ǫ = 4αmin{1, γ}d−10 we obtain
Ψ′′(t) + bΨ′(t) ≥ −4(1 + 2α)E(0)−A0 + 4(α+ 1)‖ut‖
2, (2.11)
where A0 is defined in (2.3).
First consider the case when the initial data satisfy the condition (2.1). In this case we
choose c0 = 0 and obtain from (2.11) the inequality
Ψ′′(t)Ψ(t)− (α + 1) [Ψ′(t)]
2
≥ −bΨ′(t)Ψ(t) + 4(α + 1)‖ut‖
2Ψ(t)− (α + 1) [Ψ′(t)]
2
.
It remains to note that due to Schwarz inequality
4‖ut‖
2Ψ(t) ≥ [Ψ′(t)]
2
,
and therefore
Ψ′′(t)Ψ(t)− (α + 1) [Ψ′(t)]
2
≥ −bΨ′(t)Ψ(t).
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Then Lemma 1.2 guaranties that ‖u(t)‖ tends to infinity in a finite time.
If the condition (2.2) is satisfied, i.e. K0 > 0. we choose c0 = K0 and deduce from (2.11)
the inequality
Ψ′′(t)Ψ(t)− 4(α+ 1)‖ut‖
2Ψ(t) ≥ −bΨ(t)Ψ′(t)− [Ψ(t)]2 . (2.12)
Thus the inequality (2.12) implies that Ψ(t) satisfies the inequality (1.8) with C1 =
b
2
and
C2 = 1. The conclusion of the Theorem follows in this case from Lemma 1.2. 
Remark 2.2. Notice that if the nonlinear term has the form f(u) = |u|pu, p > 0, then
we can find infinitely many initial data with arbitrary positive initial energy for which the
corresponding solutions blow up in a finite time. In this case F (u) = 1
p+2
|u|p+2 and the
condition (1.5) is satisfied with α = p
4
. For sufficiently smooth nonzero u0 and
u1(x) =
(
2
p+ 2
‖u0‖
p+2
Lp+2
)1/2
u0(x)
‖u0‖
the initial energy takes the form:
E(0) =
1
2
‖∇u0‖
2 +
γ
2
∫
∂Ω
u20dσ
and the condition (ii) of Theorem 2.1 takes the form
(ii) 2(u1,u0) = 2
(
2
p + 2
‖u0‖
p+2
Lp+2
)1/2
‖u0‖
≥
1
α
(
b
2
+
√
b2
4
+ α
)[
‖u0‖
2 + 2(1 + 2α)‖∇u0‖
2 + 2γ(1 + 2α)
∫
∂Ω
u20dσ + A0
]
.
Since p > 0 we can choose appropriate u0 for which the initial energy is arbitrary positive
number and the conditions (i), (ii) are satisfied. Thus corresponding solutions will exist
only on a finite interval.
3. Blow up of solutions of semilinear non-autonomous wave equations
with accelerating term
Now we consider the initial boundary value problem for a semilinear wave equation with
accelerating term, i.e. the problem (1.1)-(1.3) when γ ∈ R and b < 0. Let us note that
when at least one of the numbers γ or b is negative we can not directly use the concavity
method to get sufficient condition for blow up of solutions to the problem (1.1)-(1.3).
Therefore we make the following change of variables:
u(x, t) = emtv(x, t), (3.1)
where m is some positive parameter to be determined. Then we obtain the following
problem for the function v(x, t).
(mb+m2)v + (b+ 2m)vt + vtt = ∆v + e
−mtf(emtv) + e−mth(x, t), (3.2)
∂v
∂ν
+ γv = 0, x ∈ ∂Ω, t > 0, (3.3)
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v(x, 0) = u0(x), vt(x, 0) = u1(x)−mu0(x). (3.4)
The main result of this section is the following theorem.
Theorem 3.1. Suppose that the condition (1.5) holds, and
4(α+ 1)E1(0)−
h0
2mα
−
1
2(mb+m2)α
h21 − 4(α+ 1)(b+ 2m)‖u0‖
2 ≥ 0, (3.5)
where
E1(0) = −
mb+m2
2
‖u0‖
2 −
1
2
‖u1 −mu0‖
2 −
1
2
‖∇u0‖
2 −
γ
2
∫
∂Ω
u20dσ + (F (u0), 1),
m is a positive solution of the equation
m2 +mb− |γ|C(|γ|−1) = 0, (3.6)
and C(|γ|−1) is the constant in the inequality (1.9). Then the corresponding solution of
the problem (1.1)-(1.3) can exist only on a finite interval [0, T ).
Proof. Taking scalar product of (3.2) with vt and by using the equality
∂
∂t
[
e−2mtF (emtv)
]
+ 2me−2mtF (emtv)−me−mtf(emtv)v = e−mtf(emtv)vt
we obtain
mb+m2
2
d
dt
‖v‖2+(b+ 2m)‖vt‖
2dx+
1
2
d
dt
‖vt‖
2
= −
1
2
d
dt
‖∇v‖2 −
γ
2
d
dt
∫
∂Ω
v2dσ +
d
dt
[e−2mt(F (emtv), 1)]
+ 2me−2mt(F (emtv), 1)−me−mt(f(emtv), v) + e−mt(h, vt).
From the last inequality by using Young’s equality we obtain
−
d
dt
E1(t) + (b+ 2m)‖vt‖
2 − 2me−2mt(F (emtv), 1) +me−mt(f(e−mtv), v)
≤ ε1‖vt‖
2 +
1
4ε1
‖h‖2e−2mt, (3.7)
where
E1(t) := −
mb+m2
2
‖v‖2 −
1
2
‖vt‖
2 −
1
2
‖∇v‖2 −
γ
2
∫
∂Ω
v2dσ + e−2mt(F (emtv), 1). (3.8)
Thanks to (1.5) we have:
e−mtf(emtv)v = e−2mtf(emtv)emtv ≥ 2(2α + 1)e−2mtF (emtv).
By using this inequality in (3.7) we obtain
−
d
dt
E1(t) + (b+ 2m)‖vt‖
2 + 4αme−2mt(F (emtv), 1) ≤ ε1‖vt‖
2 +
1
4ε1
‖h‖2e−2mt.
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We can rewrite the last inequality in the following form
d
dt
E1(t) ≥ 4mαE1(t) + 2mα
[
(mb+m2)‖v‖2 + ‖∇v‖2 + γ
∫
∂Ω
v2dσ
]
+ (−ε1 + (b+ 2m) + 2mα)‖vt‖
2 −
1
4ε1
‖h‖2e−2mt. (3.9)
Employing the Poincare´ inequality (1.9) we get from (3.9) the estimate
−
d
dt
E1(t) ≥ 4mαE1(t) + (2mα + b+ 2m− ε1)‖vt‖
2
+ 2mα
[
(mb+m2)− |γ|C(|γ|−1)
]
‖v‖2 −
1
4ε1
‖h‖2e−2mt.
Taking in the last inequality ε1 = 2mα, and integrating it we obtain the following estimate
from below for E1(t).
E1(t) ≥ e
4mαtE1(0) + (b+ 2m)e
4mαt
∫ t
0
‖vτ (τ)‖
2e−4mτdτ
−
1
8mα
e4mαt
∫ t
0
‖h(τ)‖2e−m(4α+2)τdτ. (3.10)
Let us consider the following function
Ψ(t) = ‖v(t)‖2 + (b+ 2m)
∫ t
0
‖v(τ)‖2dτ + c0,
where v is the solution of the problem (3.2)-(3.4) and c0 is a positive parameter to be
chosen later.
It is easy to see that
Ψ′(t) = 2(v(t), vt(t)) + (b+ 2m)‖v(t)‖
2
= 2(v(t), vt(t)) + 2(b+ 2m)
∫ t
0
(v(τ), vτ (τ))dτ + (b+ 2m)‖v0‖
2
and
Ψ′′(t) = 2‖vt(t)‖
2 + 2(v(t), vtt(t)) + 2(b+ 2m)(v(t), vt(t))
= 2‖vt(t)‖
2 + 2(vtt(t) + (b+ 2m)vt(t), v(t)).
Employing here the equation (3.2) and the condition (1.5) we obtain
Ψ′′(t) = 2(∆v(t) + e−mtf(emtv(t)) + e−mth− (mb+m2)v(t), v(t)) + 2‖vt(t)‖
2
≥ −2(mb+m2)‖v(t)‖2 − 2‖∇v(t)‖2 − 2γ
∫
∂Ω
v2dσ + 4(2α + 1)e−2mt(F (emtv(t)))
+ 2e−mt(h(t), v(t)) + 2‖vt(t)‖
2.
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The last inequality we can rewrite in the form:
Ψ′′(t) ≥ 4(2α + 1)E1(t) + 4(mb+m
2)α‖v‖2
+ 4α‖∇v‖2 − 4αγ
∫
∂Ω
v2dσ + 2e−mt(h, v) + 4(α + 1)‖vt‖
2. (3.11)
By using the inequality
2e−mt(h, v) ≥ −2(mb+m2)α‖v‖2 − e−2mt
1
2(mb+m2)α
‖h‖2
and the notation (3.8) we obtain from (3.11) the estimate
Ψ′′(t) ≥ 4(2α+ 1)E1(t)− e
−2mt 1
2(mb+m2)α
‖h‖2 + 4(α+ 1)‖vt‖
2.
From the last inequality due to (3.10) we have
Ψ′′(t) ≥ 4(α + 1)
[
(b+ 2m)
∫ t
0
‖vτ (τ)‖
2dτ + ‖vt‖
2 + c0
]
+ 4(α + 1)e4mαt
[
E1(0)−
1
2mα
∫ t
0
e−m(4α+2)τ‖h(τ)‖2dτ
]
− 4(α + 1)c0 − e
−2mt 1
2(mb+m2)α
‖h(t)‖2.
Thanks to the condition (3.5) we infer from the last inequality the following estimate from
below for the function Ψ′′(t):
Ψ′′(t) ≥ 4(α + 1)
[
(b+ 2m)
∫ t
0
‖vτ (τ)‖
2dτ + ‖vt(t)‖
2 + c0
]
.
Thus employing the Schwarz inequality we get
Ψ′′(t)Ψ(t)− (α + 1) [Ψ′(t)]
2
≥ 0.
So the statement of the theorem follows from the Lemma 1.1. 
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